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Abstract— Densifying multiple-input multiple-output (MIMO)
has attracted much attention in recent years. The strong correla-
tions among densifying antennas provide sufficient prior knowl-
edge about channel state information (CSI), which inspires the
careful design of observation matrices (e.g., transmit precoders
and receive combiners) to boost channel estimation performance.
To achieve this, this work proposes to jointly design the combiners
and precoders by maximizing the mutual information between
the received pilots and densifying MIMO channels. Particularly,
a two-dimensional ice-filling (2DIF) algorithm is proposed, which
is motivated by the fact that the eigenspace of MIMO channel co-
variance can be decoupled into two sub-eigenspaces. By properly
setting the precoder and the combiner as the eigenvectors from
these two sub-eigenspaces, the 2DIF promises to generate near-
optimal observation matrices for channel estimation. Simulation
results demonstrate that, the proposed 2DIF method outperforms
the state-of-the-art schemes in channel estimation accuracy.

I. INTRODUCTION

Densifying multiple-input multiple-output (MIMO) has at-
tracted considerable attention in recent years. The antenna
spacing of densifying MIMO is much smaller than the half
wavelength λ/2, e.g., λ/6 [1] or even λ/23 [2]. By densely
arranging subwavelength-spaced antennas in a compact space,
many dense-antenna transceiver architectures have emerged,
such as holographic MIMO (H-MIMO), superdirective antenna
arrays, reconfigurable intelligent surfaces (RISs), and fluid
antenna systems. Utilizing the extensive channel observations
facilitated by a multitude of antennas, densifying MIMO is
anticipated to achieve significant array gains and multiplexing-
diversity gains [3]. Furthermore, densifying MIMO can mit-
igate the effects of grating lobes and offer enhanced per-
formance for large oblique angles of incidence [4]. Some
studies have also highlighted their capabilities to realize super-
directivity or super-bandwidth [5] in wireless transmissions.

To ensure the transmission performance of MIMO systems,
an indispensable technology is the acquisition of channel
state information (CSI). To date, numerous channel estimators
have been proposed, such as the classical least square (LS)
and minimum mean square error (MMSE) estimators. Some
compressed sensing (CS)-based methods are used to further
enhance the estimation accuracy, such as the approximate mes-
sage passing (AMP)-based estimator. Although many channel
estimators can be adopted in densifying MIMO systems, they
often exhibit a non-negligible performance gap compared to
the optimal estimator. This is because most existing estimators
overlook the strong correlations among densifying MIMO
antennas. Since the antenna spacing of densifying MIMO is
very small, the channels associated with close-by antennas
are spatially similar [6], which leads to the highly structured

covariance matrices of channels. Such an informative covari-
ance matrix can provide appreciable prior knowledge for the
featured design of observation matrices (e.g., combiners and
precoders), thus improving the accuracy of CSI acquisition.

To exploit the strong channel correlations for improved
CSI acquisition, our prior work [7] proposes an ice filling
(IF) based observation matrix design in dense array systems
(DASs), which is inspired by the idea of Gaussian Process
Regression (GPR). By maximizing the mutual information
(MI) characterized by the covariance matrix, the IF algorithm
can sequentially produce the observation vectors of receivers
in a pilot-by-pilot manner [7]. However, IF method is only
feasible to design the vector-form receive combiner in single-
input multiple-output (SIMO) system with a single-antenna
transmitter and a multi-antenna single-radio frequency (RF)-
chain receiver [7]. For a general densifying MIMO system
with multiple antennas and RF chains at both transceivers, the
receive and transmit channel covariance pair, as well as the
matrix-form receive combiner and transmit precoder pair are
coupled together. As IF scheme fails to tackle these couplings,
the full exploitation of densifying MIMO’s channel covariance
for designing observation matrices is still a challenge.

To fill in this gap, this work proposes a two-dimensional
ice filling (2DIF) based observation matrix design, whose
core idea is to jointly design precoders and combiners by
maximizing the MI between channels and pilots. Specifically,
to overcome the design challenges imposed by the coupled
matrix-form combiners and precoders in observation matrices,
the proposed 2DIF based design employs a greedy method
to jointly produce the combiners and precoders in a block-by-
block way. Firstly, we prove that the eigenspace of the channel
covariance can be decoupled into two sub-eigenspaces, which
are associated with the correlations of transmitter antennas and
receiver antennas, respectively. Then, utilizing the eigenspace
invariance, the near-optimal observation matrix can be ob-
tained by properly setting the precoder and the combiner as
the eigenvectors from these two sub-eigenspaces, which can
be realized by a linear search algorithm. Finally, we provide
an intuitive and insightful explanation for 2DIF to clarify its
physical significance. Similar to the water-filling precoding
that maximizes the MIMO capacity, the implementation of
2DIF can be viewed as a two-dimensional ice-filling process.

II. SYSTEM MODEL AND PROBLEM FORMULATION

This paper considers the uplink channel estimation of an
densifying MIMO system, consisting of an NR-antenna base
station (BS) equipped with NRF RF chains and an NT-antenna
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user. The antennas at transceivers are densely arranged with
sub-wavelength antenna spacing d. We define H ∈ CNR×NT

as the wireless channel and Q as the number of transmit
pilots within a coherence-time frame. The received signal
yq ∈ CNRF at the BS in timeslot q is modeled as

yq =WH
q Hvqsq + WH

q zq =
(
vTq ⊗WH

q

)
hsq + WH

q zq,

where h ≡ vec(H), sq is the pilot symbol, and
zq ∼ CN

(
0M , σ

2IM
)

is the additive white Gaussian noise
(AWGN). Vector vq ∈ CNT denotes the precoder at the user.
For the transmitter, the user equipment typically employs a
fully digital precoder with a moderate number of antennas,
NT . Thereby, the coefficient of vq can be freely configured
as long as the total power constraint is satisfied: ‖vq‖2 = P ,
where P is the maximum transmit power per pilot. For the
receiver, Wq := AqDq ∈ CNR×NRF is the hybrid combiner
at the BS, with Aq ∈ CNR×NRF and Dq ∈ CNRF×NRF being
the analog and digital combiners, respectively.

Without loss of generality, we assume that sq = 1,∀q ∈
{1, · · · , Q}. Considering the total Q timeslots, we arrive at

y = XHh + z, (1)

where y :=
[
yT1 , · · · ,yTQ

]T
, z :=

[
zH1 W1, · · · , zHQWQ

]H
,

X = [X1, · · · ,XQ], and Xq := v∗q ⊗Wq is defined as the
observation matrix for each pilot. This paper aims at accurately
estimating h from y by jointly designing combiners {Wq}Qq=1

and precoders {vq}Qq=1.
We consider the Saleh-Valenzuela (SV) multi-cluster chan-

nel model. The uniform linear arrays (ULAs) are deployed at
the transceivers for the ease of discussion. Let a (θ) ∈ CNR

and b (ϕ) ∈ CNT denote the steering vectors at the receiver
and transmitter, respectively, given by

a (θ)=
1√
NR

[1, ej
2π
λ d cos(θ), · · · , ej 2πλ (NR−1)d cos(θ)]T, (2)

b (ϕ)=
1√
NT

[1, ej
2π
λ d cos(ϕ), · · · , ej 2πλ (NT−1)d cos(ϕ)]T, (3)

where θ and φ respectively refer to the angle-of-arrival (AoA)
and the angle-of-departure (AoD), and λ is the wavelength.
Assuming that the number of clusters is C each consisting of
R rays, the SV channel H is represented as

H =

√
NTNR

CR

∑C

c=1

∑R

r=1
gc,ra (θc,r) bH (ϕc,r), (4)

where gc,r, θc,r, ϕc,r are the complex path gain, AoA, and
AoD associated with the r-th ray in the c-th cluster, respec-
tively. According to the standard 3GPP setting [8], the path
gains {gc,r}C,Rc=1,r=1 are usually modeled as independently and
identically distributions (i.i.d.) with zero mean and normalized
power, i.e., E (gc,r) = 0 and E(|gc,r|2) = 1; and the AoAs
{θc,r}C,Rc=1,r=1 and the AoDs {ϕc,r}C,Rc=1,r=1 associated with the
same cluster are correlated (depending on the angle spread),
while those associated with the different clusters are i.i.d [8].

As the antennas of densifying MIMO are packed with
a small spacing, the channels across close-by antennas
are strongly correlated. Define the covariance of channel
h as E

(
hhH

)
= Σh ∈ CNRNT×NRNT , which is also

called the kernel of channel. The high-correlation property

of wireless channel indicates that the kernel Σh is struc-
tural and underdetermined, which can provide prior knowl-
edge to achieve high-accuracy channel estimation. To ma-
terialize this vision, we follow the idea of GPR to de-
sign the optimal estimator and the optimal observation ma-
trix. Specifically, the channel is assumed to be sampled
from the Gaussian process CN (0NRNT

,Σh). Define Ξ =
σ2blkdiag

(
WH

1 W1, · · · ,WH
QWQ

)
as the covariance matrix

of the noise z. Given y, the posterior mean and the posterior
covariance of h are expressed as

µh|y = ΣhX
(
XHΣhX + Ξ

)−1
y, (5)

Σh|y = Σh −ΣhX
(
XHΣhX + Ξ

)−1
XHΣh, (6)

which give rise to the optimal channel estimator µh|y and
the associated estimation error Σh|y, respectively. Notably,
the posterior covariance Σh|y is largely dependent on the
observation matrix X. Thereby, well-designed combiners and
precoders, {Wq}Qq=1 and {vq}Qq=1, can substantially reduce
the channel estimation error. Motivated by this fact, GPR
attempts to produce the observation matrices to gain as much
information of h as possible from the received signal y.
Following this idea, our objective is to maximize the MI
between y and h, which is formulated as:

max
W∈W,‖vq‖22=P

I(y; h) = log2 det
(
INRFQ + Ξ−1XHΣhX

)
,

(7)
where W stands for the feasible set of hybrid combiners,
which depends on the implementation of analog combin-
ers. Generally, there are two implementations of the analog
combiners: 1) the amplitude-and-phase controllable combiner
and 2) the phase-only controllable combiner. In this pa-
per, the derivations and results in the former case can be
easily extended to the later case by adopting some well-
performed hybrid precoding algorithms, e.g., [9], to solve
minAq,Dq

∥∥AqDq −Wopt
q

∥∥. Thus, we focus on the former
case, i.e., Wq ∈ CNR×NRF , for ease of discussion.

III. 2DIF BASED OBSERVATION MATRIX DESIGN

A. Precoder/Combiner Design Using Greedy Method

Observing problem (7), one can find that the MI I(y; h)
is non-concave. Due to the coupled term vTq ⊗WH

q in X
and the colored-noise covariance matrix Ξ introduced by
combiners {Wq}Qq=1, the global optimal solution to (7) is hard
to obtain. To address this issue, we adopt a greedy method to
generate {Wq}Qq=1 and {vq}Qq=1 in a pilot-by-pilot manner.
Specifically, we define X̄t = [X1,X2, · · · ,Xt] as the overall
observation matrix for timeslots 1 ∼ t, where t ≤ Q. Let ȳt =
X̄H
t h + z̄t denote the corresponding received signal, wherein

ȳt = [yT1 ,y
T
2 , · · · ,yTt ]T and z̄t :=

[
zH1 W1, · · · , zHt Wt

]H
.

Given {Wq}tq=1 and {vq}tq=1 in the first t timeslots, our
greedy strategy aims to find the combiner Wt+1 and the
precoder vt+1 in the next timeslot, which maximize the MI
increment from timeslot t to t+ 1, i.e.,

max‖vt+1‖2=P,Wt+1
∆It+1 := I(ȳt+1; h)− I(ȳt; h). (8)
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Algorithm 1 2DIF Based Combiner and Precoder Design
Input: Number of pilots Q, kernel Σh.
Output: Designed precoders {vopt

q }Qq=1 and combiners
{Wopt

q }Qq=1.
1: Rewrite kernel as Σh = ΣT ⊗ΣR
2: Find the eigenvectors [a1,a2, · · · ,aNT ] and the corresponding

eigenvalues [α1, α2, · · · , αNT ] of ΣT

3: Find the eigenvectors [b1,b2, · · · ,bNR ] and the corresponding
eigenvalues [β1, β2, · · · , βNR ] of ΣR

4: Initialize: [λ0
1,1, λ

0
1,2, · · · , λ0

NT,NR
] =

[α1β1, α1β2, · · · , αNTβNR ]
5: for t = 0, · · · , Q− 1 do
6: Find optimal nopt

T and {nopt
R,k}

NRF
k=1 via Algorithm 2

7: Eigenvector-assignment: vopt
t+1 =

√
Pa∗

n
opt
T

and Wopt
t+1 =

[b
n
opt
R,1
, · · · ,b

n
opt
R,NRF

]

8: Eigenvalue-update for all nT ∈ {1, · · · , NT} and nR ∈
{1, · · · , NR} via

9: λt+1
nT,nR

=

{
λtnT,nR

σ2

PλtnT,nR
+σ2 , nT=nopt

T & nR ∈ {nopt
R,k}

NRF
k=1 ,

λtnT,nR
, else.

10: end for
11: return Precoders {vopt

q }Qq=1 and combiners {Wopt
q }Qq=1.

Particularly, ∆I1 := I(y1; h). For clarity, we summarize the
proposed design strategy in Algorithm 1, and the sequential
designs of {Wq}Qq=1 and {vq}Qq=1 are illustrated as follows.

Given the optimal precoder {vq}tq=1 and combiner
{Wq}tq=1, we then consider designing vt+1 and Wt+1. As
proved in Appendix A in this paper’s Supplementary Materials
[10], ∆It+1, can be equivalently rewritten as

∆It+1 = log2 det(INRF +σ−2XH
t+1ΣtXt+1), (9)

wherein
Σt = Σh −ΣhX̄t

(
X̄H
t ΣhX̄t + σ2INRFt

)−1
X̄H
t Σh (10)

is the posterior kernel of channel h given the observation ȳt. In
particular, we have Σ0 := Σh. Since the reformulated problem
(9) is still intricate, we seek to simplify it by deriving the
following two lemmas.

Lemma 1: In MIMO systems, the covariance of the vec-
tored channel Σh can be rewritten as the form of a Kronecker
product of two kernels, i.e.,

Σh = ΣT ⊗ΣR, (11)
where ΣT ∈ CNT×NT and ΣR ∈ CNR×NR characterize the
channel correlation among transmit antennas and that among
receive antennas, respectively.

Proof 1: See Appendix A in Supplementary Materials [10].
Lemma 2: Introducing the orthogonality constraints

WH
q Wq = INRF for all q ∈ {1, · · · , Q} does not influence

the optimal value of MI I(y; h) in (7).
Proof 2: See Appendix B in Supplementary Materials [10].

Utilizing Lemma 1 and Lemma 2, the optimal precoder vt+1

and combiner Wt+1 at the (t+1)-th timeslot can be obtained
by solving

maxvt+1,Wt+1
log2 det(INRF

+σ−2XH
t+1ΣtXt+1)

s.t. ‖vt+1‖2 = P,

WH
t+1Wt+1 = INRF

, (12)

where Xt+1 := v∗t+1 ⊗Wt+1 refers to the Kronecker con-
straint imposed on the observation matrix Xt+1.

It is easy to prove that, when t = 0, the kernel Σ0 := Σh

can be decoupled into ΣT ⊗ ΣR such that v1 and W1 in
X1 can be obtained by selecting the appropriate eigenvectors
of ΣT and ΣR to maximize the MI increment in (12). We
attempt to use the similar idea to solve for vt+1 and Wt+1.
To this end, we first define the EVD: Σt = UtΛtU

H
t where

Ut ∈ CNTNR×NTNR . Notice that the constraints ‖vt+1‖2 = P
and WH

t+1Wt+1 = INRF make the overall matrix observation
Xt+1 orthogonal, i.e., XH

t+1Xt+1 = P IRF. If we temporarily
omit the Kronecker constraint Xt+1 = v∗t+1 ⊗Wt+1 and
try to solve (12) by considering the orthogonal constraint
XH
t+1Xt+1 = P IRF only, it becomes evident that the global

optimal solution to (12) is Xt+1 =
√
PUt (:, [1, · · · , NRF]).

Motivated by this discovery, a natural question arises: when
the Kronecker constraint holds, is it possible to set Xt+1 as
the principal eigenvectors of Σt by properly designing vt+1

and Wt+1? Addressing this question is crucial, thus we would
like to investigate it by analyzing the impacts and feasibility
of setting Xt+1 as the principal eigenvectors of Σt.

i) Impacts: We first need to exploit its influence on the
evolution rule of the posterior kernel Σt+1. The following
lemma characterizes the relationship between Σt+1 and Σt.

Lemma 3: Let λn (·) denote the n-th largest eigenvalue
of the matrix in its argument, e.g., λn (Σt) = Λt (n, n) for
Σt = UtΛtU

H
t . If Xt+1 =

√
PUt (:, [1, · · · , NRF]), then the

EVD of Σt+1 can be derived from Σt = UtΛtU
H
t by

Σt+1 =Utdiag

(
λ1 (Σt)σ

2

Pλ1 (Σt) + σ2
,

λ2 (Σt)σ
2

Pλ2 (Σt) + σ2
, · · · ,

λNRF
(Σt)σ

2

PλNRF
(Σt) + σ2

, λNRF+1 (Σt) , λNRF+2 (Σt) ,

· · · , λNRNT
(Σt)

)
UH
t . (13)

Proof 3: See Appendix D in Supplementary Materials [10].
Lemma 3 reveals that, when Xt+1 =√
PUt (:, [1, · · · , NRF]), the posterior covariance matrix

Σt+1 shares the same eigenvector space, Ut, as Σt. The only
difference on their EVDs is that the NRF-largest eigenvalues
of Σt, i.e., {λn(Σt)}NRF

n=1 , are replaced by { λn(Σt)σ
2

Pλn(Σt)+σ2 }NRF
n=1

in Σt+1. Considering the generality of t, we can conclude
that, the eigenvectors of channel covariance Σ0 := Σh are
preserved by all subsequent posterior kernels Σ1, Σ2, · · · ,
and ΣQ−1. In other words, the only difference among U0,
U1, · · · , UQ−1 is their column arrangement orders.

ii) Feasibility: Given the eigenvector-preserving property
in Lemma 3, the feasibility of setting Xt+1 as the principal
eigenvectors of Σt lies in the feasibility of setting Xt+1 as
the eigenvectors of Σ0 = Σh. To assess this feasibility, we
examine the structure of the eigenspace of Σh below.

Corollary 1: The EVD of the prior covariance Σh can be
written as

Σh = U0Λ0U
H
0

= (UT ⊗UR)(ΛT ⊗ΛR)
(
UH

T ⊗UH
R

)
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=
∑NT

nT=1

∑NR

nR=1
αnTβnR (anT ⊗ bnR)

(
aHnT
⊗ bHnR

)
,

where anT
:= UT (:, nT) denotes the nT-th eigenvec-

tor of ΣT and bnR
:= UR (:, nR) denotes the nR-th

eigenvector of ΣR. In particular, {αnTβnR}
NT,NR

nT=1,nR=1 and
{anT

⊗ bnR
}NT,NR

nT=1,nR=1 are the eigenvalues and the corre-
sponding eigenvectors of Σh, respectively.

Proof 4: See Appendix E in Supplementary Materials [10].
Recalling that Xt+1 := v∗t+1 ⊗Wt+1, we find that the analyt-
ical form of Xt+1 perfectly matches that of the eigenvectors
of Σh, i.e., {anT

⊗ bnR
}NT,NR

nT=1,nR=1. This encouraging fact
inspires us that, the desired optimal Xt+1 to solve (12) can be
achieved by setting vt+1 and Wt+1 to the appropriate eigen-

vectors from
{√

Pa∗nT

}NT

nT=1
and {bnR

}NR

nR=1, respectively.

Analogously, all our desired {Xq}Qq=1 can be obtained by this
successive process. As a result, the problem is transformed
into: How to select appropriate eigenvectors such that the
objective function in problem (12) is maximized?

B. Eigenvector Selection

In this subsection, the problem of eigenvector selection is
investigated. According to Lemma 3 and Corollary 1, all
posterior kernels {Σt}Q−1t=0 can be rewritten as the form of

Σt =

NT∑
nT=1

NR∑
nR=1

λtnT,nR
(anT ⊗ bnR)

(
aHnT
⊗ bHnR

)
, (14)

where λtnT,nR
is the (nT, nR)-th eigenvalue of Σt associated

with the eigenvector anT
⊗ bnR

. In particular, λ0nT,nR
=

αnT
βnR

, and its update from t to t+ 1 is expressed by

λt+1
nT,nR

=


λtnT,nR

σ2

PλtnT,nR
+ σ2

, a∗nT
⊗ bnR

is selected,

λtnT,nR
, else.

(15)

Based on the above derivation, we prove the following lemma
to further simplify the original problem (12):

Lemma 4: When vt+1 ∈
{√

Pa∗nT

}NT

nT=1
and the columns

of Wt+1 are belonging to {bnR}
NR

nR=1, problem (12) can be
transformed into an eigenvector selection problem, written as

max
nT,{nR,k}

NRF
k=1

∑NRF

k=1
log2(1 + PλtnT,nR,k

σ−2)

s.t. nT ∈ {1, · · · , NT} ,
nR,k ∈ {1, · · · , NR} ,∀k,
nR,k 6= nR,k′ ,∀k 6= k′. (16)

Proof 5: See Appendix F in Supplementary Materials [10].
Problem (16) aims to find one eigenvector index nT on

the transmitter side and NRF different eigenvector indices
{nR,k}NRF

k=1 on the receiver side, such that the selected eigen-
values {λtnT,nR,k

}NRF

k=1 can maximize the objective (16). A
linear search algorithm is proposed to solve (16) optimally, as
summarized in Algorithm 2. The key idea is to fix an nT and
then find NRF-largest values from {λtnT,nR

}NR
nR=1 to calculate

the objective
∑NRF

k=1 log2(1 + PλtnT,nR,k
/σ2). After traversing

all nT ∈ {1, · · · , NT}, the optimal noptT and {noptR,k}
NRF

k=1

can be obtained from the indices of the maximum objective.

Algorithm 2 Linear Search for Eigenvalue Selection

Input: Eigenvalues {λtnT,nR
}NT,NR
nT=1,nR=1 in timeslot t.

Output: Optimal eigenvalue indices nopt
T and {nopt

R,k}
NRF
k=1 that max-

imize
∑NRF
k=1 log2(1 + λtnT,nR,k

/σ2).
1: Initialize indexes: nopt

T = 1 and [nopt
R,1, · · · , n

opt
R,NRF

] =
[1, · · · , NRF].

2: Initialize the maximum objective: ζmax =∑NRF
k=1 log2(1 + Pλt

n
opt
T ,n

opt
R,k

/σ2)

3: for nT = 1, · · · , NT do
4: Find the NRF-largest values from {λtnT,nR

}NR
nR=1, and then

denote their second indexes as {nR,k}NRF
k=1 .

5: if
∑NRF
k=1 log2(1 + PλtnT,nR,k

/σ2) > ζmax then
6: Update the optimal indexes by nopt

T = nT and
[nopt

R,1, · · · , n
opt
R,NRF

] = [nR,1, · · · , nR,NRF ]
7: Update the maximum objective: ζmax =∑NRF

k=1 log2(1 + Pλt
n
opt
T ,n

opt
R,k

/σ2)

8: end if
9: end for

10: return Optimal nopt
T and {nopt

R,k}
NRF
k=1 .

Finally, the optimal precoder and the optimal combiner are
thereby expressed as

vopt
t+1 =

√
Pa∗

nopt
T

and Wopt
t+1 =

[
bnopt

R,1
, · · · ,bnopt

R,NRF

]
, (17)

respectively, which generate a feasible observation matrix
Xopt
t+1 = vopt

t+1

∗ ⊗Wopt
t+1 at timeslot t+ 1.

To summarize, the eigenvalue updating rule in (15), as well
as the eigenvector selection method stated in Algorithm 2 and
(17), allow us to calculate all observation matrices.

C. Insightful Interpretation to 2DIF

In this subsection, we provide insightful explanations to the
proposed 2DIF algorithm to clarify its physical significance.

1) Ideal water-filling: To better understand the proposed
observation matrix design, we first interpret problem (7) from
the view of water-filling. Specifically, the orthogonal property
of Wq proved in Lemma 2 allows us to replace the noise
covariance matrix Ξ in (7) by σ2INRFQ without affecting
the optimal I(y; h). Then, by further relaxing the constraints
WT

q Wq = INRF and ‖vq‖2 = P , we focus only on the total
power constraint imposed on the overall observation matrix X,
i.e., Tr

(
XXH

)
= PNRFQ. In this case, the optimal value of

problem (7) is shown to have an upper bound:
max

X
log2 det(INRFQ + σ−2XHΣhX)

s.t. Tr(XXH) = PNRFQ. (18)
Notably, this upper bound is equivalent to the channel
capacity of a point-to-point MIMO system equipped with
NTNR transmit antennas and NRFQ receive antennas.
Thereafter, the overall observation matrix can be optimally
solved as Xideal = U0 (:, [1, · · · , NRFQ]) P,where P =
diag

(√
p1, · · · ,

√
pNRFQ

)
is the power allocation matrix. The

power allocated to the n-th eigenvector is determined by
the water-filling principle, i.e., pn = (β − σ−2λn (Σh))+,
where the water-level β is adjusted to satisfy the total power
constraint Tr

(
Xideal(Xideal)H

)
=
∑NRFQ
n=1 pn = PNRFQ.
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Fig. 1. (a) shows how the pilot allocation of the proposed 2DIF algorithm works to maximize the MI. (b) provides an example to show the implementation
process of the proposed 2DIF, where NR = 5, NT = 3, NRF = 3, P = 2, and Q = 4. The number within the (nT, nR)-th square is the ice-level σ2

λtnT,nR

.

Although the ideal observation matrix Xideal, that maxi-
mizes the upper bound (18), might not be implementable in
practice (as Xideal may violate the constraints WT

q Wq =
INRF

and ‖vq‖2 = P ), it can give us two pivotal intuitions.
First, the observation matrix should align with the eigenspace
{anT⊗bnR}

NT,NR

nT=1,nR=1 of the full MIMO channel covariance,
Σh = ΣT⊗ΣR. Second, we need to fill in more power (water)
to the eigenvectors having larger eigenvalues {λn(Σh)}NRFQ

n=1

(or equivalently lower base levels { σ2

λn(Σh)
}NRFQ
n=1 ).

2) 2DIF versus water-filling: The proposed 2DIF algo-
rithm materializes the above two intuitions under the prac-
tical constraints WT

q Wq = INRF and ‖vq‖2 = P via the
eigenvector selection process in (16). The first intuition is
automatically achieved by assigning vt+1 with a eigenvector
from {

√
Pa∗nT

}NT
nT=1 and assigning the columns of Wt+1

with different eigenvectors from {bnR
}NR
nR=1, as proved in

Lemma 4. The second intuition is approximately accom-
plished via selecting eigenvectors that have lower base levels,
{ σ2

λn(Σh)
}, by more times. This is attributed to the fact that

the maximization of (16) tends to select an eigenvalue combi-
nation {λtnT,nR,k

}NRF

k=1 that has the lowest { σ2

λtnT,nR,k

}NRF

k=1 on
average. To see this approximation more clearly, we rewrite
the updating rule of the selected eigenvalue in (15) as

σ2

λt+1
nT,nR︸ ︷︷ ︸

Updated ice-level

=
σ2

λtnT,nR︸ ︷︷ ︸
Current ice-level

+ P︸︷︷︸
Height of an ice block

. (19)

(19) reveals that every time the eigenvector anT ⊗ bnR is
selected, the value of σ2

λtnT,nR

increases by P . Similar to the
water-filling process, the process described by (19) can be
vividly interpreted as allocating an ice block having P -unit

power to the (nT, nR)-th orthogonal channel, where σ2

λtnT,nR

is viewed as the ice level in the t-th timeslot. Due to the con-
sideration of NRF RF chains and NT×NR MIMO systems, in
each timeslot, the 2DIF first selects NRF orthogonal channels,
which have the deepest ice-levels { σ2

λtnT,nR,k

}NRF

k=1 on average,
from the total NT × NR channels. Then, the 2DIF will fill
NRF ice blocks (i.e., NRF pilots) of height P onto them. As
illustrated in Fig. 1 (a), after Q timeslots, the final ice-levels
of all channels can have a similar height with the water-level
β. In this case, the second intuition is approximately achieved.

IV. SIMULATION RESULTS

We consider the channel estimation in a single-user densi-
fying MIMO system. The 3GPP TR 38.901 channel model is
utilized for simulations [8]. In specific, the carrier frequency is
set to 3.5 GHz. The number of clusters is 23, and each cluster
contributes 20 rays. The AoAs and the AoDs are randomly
selected from U(−90◦,+90◦). For each ray in a cluster, the
angle spread and the delay spread are randomly selected from
U(−5◦,+5◦) and U(−30 ns,+30 ns), respectively. The path
gains are randomly selected from CN (0, 1). Otherwise specif-
ically specified, the system parameters are set as: NT = 4,
NR = 64, NRF = 4, and Q = 48, respectively. The antenna
spacing is set to be d = λ

8 . The signal-to-noise ratio (SNR) is
defined as SNR = P

σ2E(‖h‖2), whose default value is set to
10 dB. The evaluation criterion is the normalized mean square
error (NMSE), which is expressed as NMSE = E(‖h−ĥ‖2

‖h‖2 ).
The following schemes are simulated for comparison: 1)

LS: The LS channel estimator is feasible only when QNRF ≥
NTNR. We assume the pilot length is Q = dNTNR/NRFe =
64, and all combiners/precoders are generated from discrete
Fourier transform (DFT) matrices. 2) MMSE: Under the same
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Fig. 2. The NMSE as a function of SNR for different schemes.
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Fig. 3. The NMSE as a function of pilot length Q for different schemes.

setting of LS estimator, the MMSE estimator is implemented
to recover channel via (5). 3) AMP: The approximate message
passing (AMP) method proposed in [11] is implemented to
estimate channel. 4) IF scheme: By viewing the considered
MIMO system as NT independent SIMO systems, the IF-
based channel estimator [7] can be utilized to recover H in
a column-by-column way. Note that, since IF scheme is only
applicable to the single-RF-chain case, the pilot length used
should be modified as dQNRFe = 192. 5) Proposed 2DIF:
The proposed 2DIF method in Algorithm 1 is employed to
design the precoders and combiners. Then, the estimator in
(5) is employed to estimate channel. 6) Ideal water-filling:
The ideal (but may not be practically achievable) observation
matrices {Xq}Qq=1 are directly obtained by solving (18) via
water-filling method. Then, (5) is employed to recover channel.

Firstly, we plot the NMSE as a function of SNR in Fig. 2.
One can observe that, thanks to the carefully designed observa-
tion matrices/vectors, the proposed 2DIF scheme remarkably
outperforms the benchmark schemes. The reason is that the
proposed method fully exploits the correlations among the
transceiver antennas for channel estimation. In particular, the
NMSE for the proposed 2DIF scheme is about 5 dB lower than
that for the IF scheme. It is because the IF schemes realizes the
MIMO channel estimation by viewing it as NT independent
SIMO channel estimations, which ignores the spatial correla-
tion of transmitter antennas. Besides, we note that the proposed
2DIF scheme achieves very similar performance to the ideal
water-filling scheme. Then, the NMSE versus the number of

pilots Q is provided in Fig. 3. One can find that the superiority
of the proposed scheme still holds. Although the dimension
of the estimated parameters is high as NTNR = 256, using a
small number of pilots Q = 20, the NMSE for the proposed
scheme can be lower than -20 dB. In contrast, even if the
pilot length is longer than Q = 60, the conventional AMP
estimator is still unable to achieve such high accuracy. It
indicates that utilizing the correlation of compact antennas is
of great significance for high-accuracy channel estimation.

V. CONCLUSIONS

By fully exploiting the channel correlations, this work has
proposed a 2DIF based observation matrix design for channel
estimation in densifying MIMO systems. The core idea is to
jointly design precoders and combiners by maximizing the MI
between channels and pilots. Particularly, we have proved that
the eigenspace of the channel covariance can be decoupled into
two sub-eigenspaces, and the near-optimal observation matrix
can be obtained from these two sub-eigenspaces. We have also
revealed that, similar to the water-filling precoding that max-
imizes the MIMO capacity, the implementation of 2DIF can
be viewed as a two-dimensional ice-filling process. Simulation
results have validated the superiority of our proposed methods
compared to the conventional channel estimators.
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